A magnetic helix realizes a one-dimensional magnetic crystal with a period given by the pitch length λ h . Its spin-wave excitations -the helimagnons -experience Bragg scattering off this periodicity leading to gaps in the spectrum that inhibit their propagation along the pitch direction. Using high-resolution inelastic neutron scattering the resulting band structure of helimagnons was resolved by preparing a single crystal of MnSi in a single magnetic-helix domain. At least five helimagnon bands could be identified that cover the crossover from flat bands at low energies with helimagnons basically localized along the pitch direction to dispersing bands at higher energies. In the low-energy limit, we find the helimagnon spectrum to be determined by a universal, parameterfree theory. Taking into account corrections to this low-energy theory, quantitative agreement is obtained in the entire energy range studied with the help of a single fitting parameter.
The weak spin-orbit Dzyaloshinskii-Moriya interaction, D, in the cubic chiral magnets energetically favours spatial modulations of the magnetization. This gives rise to magnetic crystalline phases with unit cells that are incommensurate with and much larger than the atomic lattice spacing. Most prevalent is the magnetic helix, a one-dimensional magnetic crystal, with a large pitch λ h = 2π/k h proportional to the ratio J/D where J is the magnetic exchange [1] . For a small range of finite magnetic fields, a two-dimensional magnetic crystal is also stabilized close to the critical temperature [2] . It can be identified as a lattice of magnetic skyrmions whose non-trivial topology is at the origin of various interesting phenomena [3] like, for example, a topological Hall effect [4, 5] and an emergent electrodynamics [6, 7] . Interestingly, the phase transition from the paramagnetic to the magnetically ordered phases at small fields corresponds to a weak crystallization process [8] and is driven firstorder by strongly correlated chiral paramagnons [9] [10] [11] .
The spin-wave excitations of these magnetic crystals possess a band structure ω n,q with band index n that, according to Bloch's theorem, reflects the periodicity of the magnetic order. For the magnetic helix with a pitch vector k h , the dispersion is periodic, ω n,q = ω n,q+mk h with m ∈ Z, along the direction in momentum space singled out by k h . In contrast to commensurate antiferromagnets, however, the size k h = |k h | of the resulting magnetic Brillouin zone is small; for MnSi at lowest temperatures λ h = 180Å and k h = 0.035Å −1 . Importantly, this ensures on the one hand that the dispersion, ω n,q , of the magnons is universal in the sense that it is captured by an effective continuum theory and is determined by only a few parameters. On the other hand, a high resolution of momenta is required in order to resolve the band structure experimentally with the help of inelastic neutron scattering. In a first experiment on MnSi, Janoschek et al. [12] succeeded to acquire scattering spectra for the helimagnons and also described them theoretically but neglecting dipolar interactions. In MnSi at zero magnetic field, the pitch vector of the helix, k h , aligns with one of the eight equivalent crystallographic 111 directions giving rise to four magnetic domains each of which is determined up to a phase. At that time, the experiment was performed on a single crystal containing multiple domains so that magnon excitation branches of all four domains were simultaneously excited. This resulted in broad total spectra rendering the identification of individual magnon modes impossible, see Fig. 1 (e). Individual modes, however, have already been identified with the help of magnetic resonance experiments on MnSi, Cu 2 OSeO 3 , and Fe 0.8 Co 0.2 Si [13] [14] [15] that probe certain branches but only at the center of the Brillouin zone, i.e., at frequencies ω n,q=0 . Schwarze et al. [15] were able to explain these resonances quantitatively after taking dipolar interactions into account.
In the present study, the band structure of the helimagnons could be resolved by first preparing a crystal of MnSi in a single magnetic-helix domain by applying a small field. A finite magnetic field H competes with the crystalline anisotropies to align the pitch vector, k h , of the helix. For sufficiently large H > H c1 , the pitch vector is parallel to H as this allows the magnetization to cant towards the field gaining magnetic Zeeman energy giving rise to a single magnetic-helix domain. The magnetization M = mn withn 2 = 1 is then governed by the free energy density F = F mag + F dipolar where the first and second term account for the short-range magnetic and the dipolar interactions, respectively. In the low-energy arXiv:1502.06977v1 [cond-mat.str-el] 24 Feb 2015 limit the former reduces to F mag ≈ F 0 with the standard model for chiral magnets [1] 
Minimization of F 0 + F dipolar yields the conical helix n T 0 = (sin θ cos(k h z), sin θ sin(k h z), cos θ) for an applied field H along the z-axis with k h = k h0 . The angle θ parametrizes the homogeneous part of the magnetization that depends linearly on the magnetic field m cos θ = χ int con H int where the internal field H int = H/(1 + N z χ int con ) with demagnetization factor N z arising from F dipolar and the susceptibility χ
) being related to the stiffness density ρ s . The transition to the fieldpolarized state then occurs at the second critical field
whereê 3 ≡n 0 into the Landau-Lifshitz equation and expanding in lowest order in ψ one finds that for intermediate fields H c1 < H < H c2 , the magnon wave-function ψ is governed by a bosonic Bogoliubov-
The Hamiltonian H = H 0 + H dipolar consists of two parts that derive from F 0 and F dipolar , respectively. The former contribution reads [12, 16] 
where τ x and τ z are Pauli matrices, and the stiffness is
The helimagnons are subject to an effective gauge potentialn ⊥ (r) = (sin θ cos(k h z), sin θ sin(k h z), 0) that is periodic and is responsible for the formation of bands.
In the low-energy limit the Hamiltonian depends only on three parameters: (i) the critical field H int c2 , (ii) the pitch vector k h , and (iii) the numerical value χ int con = 0.34 for MnSi that effectively measures the strength of the dipolar interactions [15] . All these parameters are known from independent measurements resulting in a universal prediction for the helimagnon spectrum that we discuss in the following.
For momenta q = q k h strictly longitudinal to the pitch vector, the helimagnons decouple from the periodic potential in Eq. (2). The helimagnon dispersion can then be obtained in closed form and reads in the extended zone scheme, see Fig. 1(a) ,
where
2 and the dependence on χ int con is attributed to the dipolar interaction. For large momenta |q ⊥ | k h perpendicular to the pitch, q ⊥ k h = 0, on the other hand, the dipolar interaction as well as the last term in Eq. (2) can be neglected and the wave equation reduces to a Schrödinger equation
where (q x , q y ) = q ⊥ (cos α, sin α). It effectively describes a particle in the presence of a periodic cosine potential along the z-axis, i.e., it is the Mathieu equation. Interestingly, the strength of the potential can be tuned by q ⊥ with the concomitant reconstruction of the spectrum as illustrated in Figs. 1(b)-(d) . A finite q ⊥ activates Bragg reflections that open gaps at the Bragg planes. As the potential only contains the two primary Fourier components, the size of these band gaps however strongly decreases as a function of the band index n = 0, 1, 2, ... [17] . For large q ⊥ (n + 1) 2 k h / sin θ the potential for a given band n eventually becomes strong and basically localizes the helimagnon along the pitch direction. In this tight-binding limit, the bands are practically flat, i.e., independent of q , and the spectrum is given by
up to corrections of order O(Dk 2 h ). The second and third term derive from an expansion of the cosine potential up to quadratic order giving rise to a harmonic oscillator spectrum; the last term is attributed to the anharmonicity of this potential.
In order to verify the helimagnon theory, we have conducted inelastic neutron scattering experiments at the cold neutron triple-axis spectrometer MIRA-2 at the neutron source FRM-II in Garching using neutrons with fixed incident energies E i = 3.18, 4.06 and 5.04 meV. MIRA-2 is particularly well suited for the experiments due to the intrinsic excellent momentum resolution, which is important for resolving spin waves close to magnetic satellite peaks. The collimations before and after the sample were 30' resulting in energy resolutions E = 76, 118 and 161 µeV, respectively. Higher order neutrons were removed by a cooled Be-filter. Two large single crystals of MnSi were used in the present study with a volume of approximately 8 cm 3 and a small mosaic of 10'.
For the measurement of the helimagnon spectrum three experimental setups were realized, see Fig. 2(a)-(c) . A magnetic field H > H c1 was applied in all setups to align the pitch vector and, more importantly, to prepare a single magnetic-helix domain. In setup 1, Fig. 2(a) , the magnetic field µ 0 H int ≈ 0.07 T was within the scattering plane and pointing along the [111] direction measured with respect to the nuclear (110) Bragg peak. This configuration is ideal to obtain an excellent energy resolution for the dispersive branches along q with q ⊥ = 0. In setup 2, Fig. 2(b) , a magnetic field µ 0 H int ≈ 0.13 T was applied perpendicular to the scattering plane along Most measurements were performed at 20 K where the intensity of the magnetic Bragg peaks is high and the Bose factor is large yielding a high inelastic intensity. As an example, Fig. 2(d) shows a sequence of scans obtained with setup 1 with momenta longitudinal to k h , i.e., q ⊥ = 0. According to Fig. 1(a) weights from three branches are expected and can indeed be identified for q = 2k h . While the low-energy mode with E ≈ 0.08 meV is partly hidden by the incoherent scattering, the high-energy mode is observed near E ≈ 0.5 meV. Most prominent is the mode with intermediate energy at E ≈ 0.25 meV. With increasing q the high-energy mode leaves the measured E-window and only two modes remain visible. Fig. 2(e) shows the q ⊥ -dependence of the first two bands which are accessible with setup 2 at q = 0. With increasing q ⊥ the energy of the bands increases as expected. Finally using setup 3, we succeeded to probe the annihilation of helimagnons that belong to at least five different bands for q ⊥ = −3k h (0, 0, 1), see Fig. 2(f) .
For a quantitative analysis, the data was fitted to a multi-Gaussian spectrum after subtracting a background of 1.0 cts/min and 1.5 cts/min for setup 1 and setups 2 & 3, respectively. The latter was determined by repeating most measurements at 3 K, where the magnetic scattering is weak. The fits are shown as solid lines in Figs. 2(d)-(f) . Note that the observed width varies for different peaks because the resolution of the spectrometer depends on the energy transfer ω. The peak positions obtained from these fits are summarized in Fig. 3 . Fig. 3 (a) and (b) compares the experimental data at 20 K to the prediction of the universal helimagnon spectrum (dotted lines) using µ 0 H int c2 (20 K) ≈ 0.53 T [18] that determines the energy scale Dk 2 h ≈ 0.062 meV. While there is perfect agreement at low energies, deviations become substantial at higher energies with the data assuming systematically lower values than predicted. It turns out that these deviations can be attributed to corrections to the low-energy theory (1) caused by higher-order contributions in the gradient expansion. Representatively, we consider the following correction [19] 
where A is a dimensionless number that is expected to be small and of order A ∼ O((ak h ) 2 ) with a 3 ≈ 24 Å 3 being the volume of a formula unit in MnSi so that (ak h ) 2 ≈ 0.01. For momenta q ≈ 3k h , for example, the corrections arising from Eq. (6) are expected to be 3 2 (ak h ) 2 ∼ 10% as compared to the first term in Eq. (1), which is in fact comparable to the deviations observed in Fig. 3 . For a quantitative comparison in the entire investigated energy range, we took the modification of the helimagnon spectrum due to Eq. (6) into account providing us with a single fit parameter A. The solid lines in Fig. 3(a) -(c) show a best-fit yielding A fit = −0.0073 ± 0.0004.
The bands in Fig. 3(a) are mostly in the tight-binding limit and thus practically independent of q . As a result, the measured peak positions are rather insensitive to the vertical momentum resolution of MIRA (∆q ≈ ±0.6k h ). The flatness of the lowest bands has been also explicitly checked by comparing the two scans at finite q ⊥ in Fig. 2 (a) using setup 1 (not shown). In contrast, the dispersive bands in Fig. 3(b) have a substantial q ⊥ dependence which is sampled by the instrumental momentum resolution. The resulting admixture of spectral weight with finite q ⊥ into the nominal q ⊥ = 0 spectrum leads to a slight upward shift of the expected peak positions as indicated by the black dashed line in panel Fig. 3(b) . (The dip close to q ≈ 1.5k h is attributed to Bragg reflections that open a gap for finite q ⊥ between the lowest two bands, cf. Fig. 1(b) ).
In order to investigate the temperature dependence, the helimagnons were measured at q = 2.1k h with setup 1 and at q ⊥ = 2.5k h with setup 2 at four and six different temperatures, respectively. Fig. 3(c) shows the T -dependence of the peak positions for the two helimagnon modes with lowest energies. The T -dependence mainly derives from the magnitude of the local magnetization m(T ) that is reflected in the critical field H int c2 (T ) entering the stiffness D in Eq. (2). The theoretically expected peak positions resulting from the values of H int c2 (T ) obtained from ac susceptibility measurements [18] are shown as solid lines in Fig. 3(c) in good agreement with experiment.
In summary, we have resolved the band structure of the helimagnon spectrum in MnSi. For momenta q along the pitch vector k h , weights from three dispersing branches have been collected (Fig. 3(b) ), corresponding to two spin-flip scattering processes (upper and lower branch) and a non-spin-flip scattering process (central branch). A finite perpendicular momentum q ⊥ results in the opening of helimagnon band gaps, and at least five bands have been identified at q ⊥ = 3k h (Fig. 3(a) ). While the experimental results coincide with the parameter-free predictions for the universal helimagnon spectrum at low energies, quantitative agreement is obtained in the entire energy range studied after taking corrections to the low-energy theory into account. Remarkably, the same theory also yields predictions for the magnon spectrum of the two-dimensional magnetic skyrmion crystal, which is to be explored in future experiments.
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